Transmission properties of optical adhesives and bonding layers 
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We analyze the transparency of a thin film of low refractive index (an optical glue or a bonding 
layer) placed between higher-index media and forming an opto-pair. Examples include a semiconduc- 
tor light-emitting diode with attached lens or a semiconductor scintillator bonded to a photodiode. 
The transparency of an opto-pair is highly sensitive to the film thickness due to the so-called frus- 
trated total internal reflection. We show that high transparency in a wide range of the incidence 
angle can be achieved only with very thin layers, more than an order of magnitude thinner than 
the wavelength. The angular dependence of the transmission coefficient is shown to satisfy a sim- 
ple and universal sum rule. Special attention is paid to the angular average of the optical power 
transmission, which can be cast in a universal form for two practically relevant classes of source 
layers. 



Introduction 



A number of semiconductor optoelectronic devices re- 
quire optical matching of their component layers. Semi- 
conductor light emitting diodes (LED) have low exter- 
nal emission efficiency limited to 2-4 % due to the high 
refractive index of the source crystal, resulting in a nar- 
row escape angle of total internal reflection (TIR) 
To avoid the TIR, various techniques have been used 
including random surface texturing, pyramidal-shaped 
structures, as well as devices exploiting "wave optics" 
effects and optimizing interference in the resonant cav- 
ity (see for the review). The most effective remedies 
for the TIR effects in LEDs are optically tight lenses, re- 
sulting in external emission efficiencies approaching unity 
[H, 0] • Another example when optical matching matters 
is a semiconductor scintillator used for the detection of 
high-energy particles with the scintillating radiation reg- 
istered by a photodiode In both cases the optical 
components can be attached by using optical adhesives 
or optical glues in the form of a thin interlayer. The re- 
fractive index of the interlayer is considerably lower than 
that of both semiconductors. It is usually expected that 
films thinner than wavelength should not disturb the ra- 
diation transmission or waveguiding properties @ . This 
is indeed true for normal incidence. Moreover, for a fixed 
angle of incidence the transparency can be generally en- 
hanced by choosing the thickness of the low-index layer so 
as to provide constructive interference for the transmit- 
ted wave. However, for an isotropic source of radiation 
(as in a LED or a scintillator) the angles of incidence 
are widely spread and a considerable part of incident ra- 
diation is in the TIR region for the interlayer interface. 
For this part of radiation, the transmission is provided 
by evanescent optical waves and is exponentially small. 
The residual transparency is known as the frustrated to- 
tal internal reflection (FTIR) Q. In the FTIR region 



the transparency remains dependent on the layer index 
matching, but the requirements for the intermediate lay- 
ers become much more restrictive. 

In this paper, we first analyze the transparency coeffi- 
cient of a thin low-index film for arbitrary incident angles 
and polarization. We then calculate the average optical 
power transmission of isotropic radiation and discuss the 
stringent requirements on the interlayer thickness. 



Transparency of a thin film with frustrated total 
internal reflection 



General analysis 

First, we consider the reflection of light with wavelength 
A incident on a layer of thickness d from a material of di- 
electric constant t\ - 
as shown in Fig. [TJ 



= n\ for a fixed angle of incidence <f>\ , 
We assume that the permittivity of 



the intermediate layer 62 



is real (negligible absorp- 
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FIG. 1: (Color online) Reflection and transmission of a wave 
incident on a homogeneous layer. 
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tion) and smaller than that of the surrounding media on 



both sides. The 3rd layer permittivity is £3 



While 



we take £2 < £i and £2 < £3, no special relation between 
£1 and £3 is assumed. An exemplary structure we con- 
sider is a pair of semiconductor plates, optically coupled 
using an optical glue [3] or a bonding oxide [f3]. 
The solution for the amplitude reflectance, first obtained 
in [1] (see also e.g. @, or [lfj), is of the form 



ri2 + r 2 3 exp(2iS)} 
1 + ^12^23 exp(2i<S) 



(1) 



Here r\2 and r 23 are the Fresnel reflection coefficients at 
the interfaces 1-2 and 2-3, respectively, and S is the phase 
shift of the wave inside the film, 



6 = 



2nd 



£ 2 - £1 sin 



(2) 



For a large d one can define the total reflection angle 
(fit by rii sin t = 722, which corresponds to the TIR for 
incident angles (fii > (fit- When the phase shift is small, 
5 <C 1, the film is called optically thin] we note that close 
to (fit the film is always optically thin. 
The amplitude reflectance depends (through the reflec- 
tion coefficients r 12 and r 2 3) on the polarization of light, 
which will be indicated below (when necessary) by an 
additional subscript. We shall use subscript s for s- 
polarized waves (electric field perpendicular to the plane 
of incidence) and p for p-polarization (electric field in the 
plane of incidence). 

The Fresnel reflection coefficients for the two interfaces 
are given by 



+ rij cos (fii ' 



Tli COS ( 



(3) 



where i and j are interface indices: {ij = 12} for the 1-2 
interface and {ij = 23) for the 2-3 interface, respectively. 
Note that = —Tji [111 ]. 

Using Eqs. (P), $Z§, and we calculate the reflection 
coefficient R= \r\ 2 . The transmission coefficient for non- 
absorbing layer is then readily obtained as T = 1 — R. 
For small angles of incidence, (fi\ < (fit , the phase shift 
5 and the interface reflection coefficients for both polar- 
izations are real numbers (moreover, r 3 2 > 0), so that 
Rij = rfj and we have 



R 



(ri2 - r 32 ) 2 + 4ri 2 r 32 sin 2 5 
(1 - ri27\32) 2 + 4ri 2 r 3 2 sin 2 5 



(4) 



Equation (JJ) can be simplified using Fresnel's equa- 
tions and Snell's refraction law, nisin^i = 77,2 sin 02 = 
77.3 sin cfis. After some algebra, the transmission coefficient 
can be brought into the form 



T = 



13 



1 + aTi^ sin 2 S ' 



(5) 



where T13 is the transmission coefficient of the interface 
1-3. For a non-zero angle of incidence both T 13 and the 
coefficient a arc different for the two polarizations. 
For s-polarization we have: 
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4n 2 2 cos (fii (1 — n\ 
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(6) 
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and 



4 cos (fii \ n 



— sin 2 (fii 



'31 



sin 2 (fii + cos (fii ) 2 



(7) 



Here and below we use the notation riij = rii/rij. 
For p-polarization we find: 



fl.s- 



a P = — [(ni 2 + l)sm 2 (fii-l}[(n' 32 +l)sm 2 (fii-n' 31 ] , (8) 

n 31 



and 



Tl3,p — 



477,3! cos 4>i V n 3i — sm (fii 



(9) 



(v n 31 ~ Sm 01 + n 31 cos 0l) 5 



Using some caution, one can apply Eq. ([5]) in the full 
range of variation of the angle of incidence, including the 
FTIR region ((fii > (fit)- In the FTIR region, the phase 
gain 5 becomes imaginary, 8 — iS' ', where 



5' 



2ndri2 
A 



71i2 sm 



1 



(10) 



while the reflection amplitudes become unimodular, 
7*12 = cxp(i(5i2). The reflection phase S12 and other rele- 
vant phases can be readily written down using Fresnel's 
equations. In the range of FTIR, the transmission coef- 
ficient is then given by [HI 



T = 



13 



1 — aTi 3 sinh" 5' 



(11) 



where both T13 and a are given by the same Eqs. (JSJ5]) 
but a s and a p become negative. 

Note that the nature of reflection in the FTIR region, 
(fii > (fit, is quite different, since the reflection coef- 
ficient from a single surface should be equal to unity. 
The complete single-surface reflection is frustrated by 
the interference with light reflected by the second sur- 
face, even though the field between the two surfaces has 
a totally evanescent character. For (fii = (fit the optical 
field deeply penetrates into the interlaycr. If 7131 < 1, the 
transmission coefficient T vanishes (and so does T13) for 
sin (fii = 77,31, due to the TIR from layer 3. 
According to Eqs. (JSJ) and (jXTJ) , for a sufficiently thin 
film « 1 and f < 1) the transmission coefficients 
approach T13 , s , Ti3. p . These values in turn depend on 7131 
and (fii . The dependencies are presented in Fig. [51 For all 
incident angles the total transparency, Ti3 jS = 7i3 !P = 1, 
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FIG. 2: (Color online) Interface transmission coefficients Ti3 jS (left panel) and Ti3 iP (right panel) as functions of 7131 = 713/ni 
for several values of the incidence angle and two polarizations of the incident wave. (1): cos^i =0; (2): cos</>i =0.5; and (3): 
cos 0i =0.7. 



is reached only when = 1. Away from the exact 
index matching the decrease of Ti 3jS and 7i3. p is seen 
to be much steeper on the side 7131 < 1. Since the exact 
matching of indices of the layers 1 and 3 is rarely possible, 
the structures with 71,31 > 1 arc preferable. 
For small incidence angles, <f>i < 4>t, one has a construc- 
tive interference between the waves in the middle layer, 
which results in the maximum of the transmission co- 
efficient for both polarizations at <5 = nm, where m is 
an integer, m = 1,2... (for normal incidence this corre- 
sponds to d = mA/2712). Note that this anti-reflection 
effect arises for half-wave plates — rather than quarter- 
wave plates, which would be the case for an intermediate 
layer in structures with n\ < n 2 < n 3 or n\ > n 2 > na- 
The almost total transparency of the film at m = 0, 1, 2... 
is due to the phase shift in the reflection from the two 
film surfaces, which results in ryi ~ ~^23- The transmis- 
sion coefficients in these interference maxima are given 
by Ti3 iS and Ti 3)P , Eqs. ||7J) and ©, respectively. 



For normal incidence 
T13, where 



!>i = 0) one has T13 , s = T 



13,p 



-in 



31 



(l + n 3 i) 2 



Ri 



(l-n 31 ) 2 
(l + n 31 ) 2 



(12) 



For most semiconductor pairs, the ratio 7131 is close to 
unity. For typical pairs with indices in the range of 3.5 
to 4, the reflection losses at normal incidence are less 
than 0.5 %. 

For an optically thin film, <5o <C 1, one has 



T\$ 1= o — Ti 



13 



47V 



V-R12-R 



2:: 



T12T23 



{2im 2 d) 2 , (13) 



where d = d/X and the reflection and transmission co- 



efficients for the 1-2 and 2-3 interfaces are defined simi- 
lar to i?i3, T13 in Eq. (fT2")) . We see that the deviation 
T — 7i3 oc d 2 . For </>i — > <fi t , the reflection coefficients 
go to unity, i?i2, s = Ri2,p = 1- This, however, does not 
imply T = 0, since one has 5 — > at the same time. 
Therefore, one needs a more refined consideration of the 
reflection in the vicinity of <f>\ — 4>t- It is convenient to 
give expressions for the reciprocal transparencies in terms 
of the layer permittivities, viz. 

(V £ i - £ 2 + V £ 3 - £2) 2 



1 



\<t>l=<frt 



4Vei - e 2 y / e 3 - e 2 
+7r 2 d 2 i/ei - £2\/e3 - £2 



(14) 



and 



(f3\/fi - £2 + £1^63 - 6 2 )^ 
4ei£3- v /ei - £2^3 - £2 
+Tr 2 d 2 v / ei - €2^63 - e 2 



(15) 



For matching layers, £3 = e±, and s-polarized waves, we 
have 



R.i 



K 2 d 2 (e 1 -e 2 ) 
l + 7r 2 J 2 (ei-e 2 )' 
1 



1 + ■K 2 d 2 (e 1 - e 2 ) 

Similarly, for matching layers and waves polarized in the 
plane of incidence 

7r 2 d 2 ( ei -e2)(£2/£i) 2 



Rn 



l + 7r 2 rf 2 ( ei -e 2 )(e 2 /£i) 2 ^ 
1 

l + 7r 2 J 2 (e 1 -e 2 )(£ 2 /£i) 2 



(17) 
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FIG. 3: (Color online) Angular dependence of the transmission coefficients T a and T p for a thin layer of index 712 = 2.6; the 
incident radiation from layer 1 with n\ — 3.5 is transmitted into layer 3 with 77,3 = 4.5. Different curves correspond to different 
film thicknesses described by a dimensionless parameter d — d/X, viz. (1): d — 0; (2): d — 0.02; 3: d = 0.05; 4: d = 0.2, and 5: 
d = 1/(2712). The dependence on the angle of incidence is displayed in the range < (fix < n/2 for two polarizations of incident 
light: s-polarization (left panel) and p-polarization (right panel). The TIR angle fit = 48°, Brewster's angles are <j>B = 36.6° 
for the 1-2 interface and <f>' B = 40° for 2-3 surface. 



It follows from Eqs. JT3J), and HID that (i) for 

perpendicular (s) polarization, the reflection increases 
steadily as a function of the incidence angle, but it re- 
mains small up to the TIR angle; and (ii) the reflection 
for s polarization is stronger than that for the parallel 
(p) polarization. The reflection of p-polarized light is 
suppressed due to Brewster's effect: for incidence (fix at 
the Brewster angle, 4>b ~ arctan(n2/ni), one has a p = 
(from Eq. [5]) and the transmission T p = Ti3 lP (which 
equals unity for matching layers, £3 = ei). 

Note that for non-matching layers (£3 ^ ei) there is a sec- 
ond Brewster angle, 4>b,2 = arctan(?i3/n2), correspond- 
ing to the wave in layer 2, propagating at the angle <p2- 
One has a p — when <f>2 — 4>b,2 and the transmission in- 
creases again to T\^ tP . In terms of the incident wave angle 
(fix this corresponds to (f>' B = arcsm(n3i / y^n^+T) . In 
the range of incidence angles (fis < (fix < 4>'b (f° r n 3i > 1) 
or (fi' B < cf>i < <f>B (in case 7131 < 1) one has a p < and 
T p > 7i3,p. Of course, the transmission does not exceed 
unity at any angle. At the FTIR angle, <j>i = <f>t, both 
T s and T p decrease at large d as 1/d 2 . Therefore, the 
widely used approximation, T = 1 at <^>i < (j>t and T = 
<f>i > <fi t , works reasonably well for very thin interlayers 
(see Fig. 0] for d = and d = 0.02) but it does not 
hold for thicker films [see Figs. U] and El for d = 0.1 and 
d= l/(2n 2 )]. 

Finally, for a thin interlayer with a finite absorption co- 
efficient a, transmission T also decrease linearly with d. 
However, for a\ 2 /{im2) 2 «C d this is a negligible effect 
0. 



Higher-index overlayer 



As the first example, we consider the transparency of 
a semiconductor structure consisting of two semicon- 
ductor layers (InAs and CdSb) having ri\ = 3.5 and 
713 = 4.5, optically separated by a chalcogenide glass 
layer with n-i = 2.6. This example is close to parame- 
ters of mid-infrared LED opto-pairs comprising a light 
emitting diode and a lens attached to the diode by a 
layer of optical glue [|[ . Calculated dependencies of the 
transmission coefficient on the angle of incidence for two 
polarizations and four values of the layer thickness d are 
shown in Figs. El in the angular range < (fix < ir/2. For 
this example, the Brewster angles are (73/3=36.6° for the 
first surface and 0^=40° for the second surface, so that 
the reflection of p-polarizcd light is strongly suppressed 
even in the region close to the angle of TIR from the 1-2 
surface, <fi t = 48°. 

For thicker interlayers, Figs. [3] show the growth of reflec- 
tion for both polarizations in the region of total internal 
reflection. The reflection increases to unity at <fi\ = tt/2. 
For a half-wave plate the transparency is improved only 
in a range of angles of incidence smaller than the angle 
of TIR from the 1-2 interface. 

To ensure that the reflection losses at all angles of in- 
cidence (fi\ < <fit are less than 10%, one needs to take 
d < 0.05. For example, in the mid-IR region (A = 3 /^m) 
this gives d < 0.15 /zm, which is much more restrictive 
than usually expected. 
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FIG. 4: (Color online) Angular dependence of the transmission coefficients T B and T p of a thin interlayer with refractive index 
ri2 = 1.8 (oxide) for the radiation incident from the first layer with ni = 3.6 (GaAs) and transmitted into the third layer with 
713 = 3.4 (InP). Different curves correspond to different (dimensionless) interlayer thicknesses d — d/X, viz. (1): d = 0; (2): 
d — 0.02; 3: d = 0.05; 4: d = 0.1, and 5: d = l/(2ri2)- The left and the right panels correspond, respectively, to s and p 
polarizations of incident light. The TIR angle fa = 30°, the Brewster angles are faj = 26.6° and (f>' B = 26.2°. 



Lower-index overlayer 

Another practical example is a bonded photodetector on 
top of a semiconductor scintillator slab with an optical- 
glue layer in between. We consider the interlayer trans- 
parency in a semiconductor structure consisting of GaAs 
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FIG. 5: (Color online) Dependence of the transmission coeffi- 
cients T s and T v of a film on the dimensionless layer thickness 
d = d/X. The structure parameters are the same as in Fig. [4] 
(fa = 30°). Different curves correspond to different values of 
the angle of incidence and different polarizations of the inci- 
dent light, viz. (1): fa = 0, (2): fa = 20°s; (3): fa = 20°p; 
(4): fa = 36°s; (5): fa = 36°p. 



layer 1 (emission A = 860 nm) with the index m = 3.6 
and InP photodiodc layer 3 of index 77,3 = 3.4. The layers 
arc optically separated by a layer with = 1.8 (which 
seems to be reasonable for the near-IR region) . Figure 0] 
shows the transmission coefficients Ti3 :S and T\z,p, calcu- 
lated as functions of the incidence angle for different in- 
terlayer thicknesses. Due to the high index contrast, the 
TIR angle from the interlayer is only 30°. A smaller in- 
dex of layer 3 (7131 = 0.94) results in additional TIR and 
reduces the overall transparency region to fa < 70.8°. 
We note that the reflection losses are quite small for suf- 
ficiently thin films, as well as for p-polarized waves at 
Brewster's angle and for a "half-wavelength" thin film. 
The small reflection is, of course, owing to low index con- 
trast between layers 1 and 3. Still, the requirements to 
the thickness of the interlayer in the near-infrared region 
are quite stringent. Even at small angles of incidence, one 
should use films with d < 0.05 in order to reduce reflec- 
tion losses below 10 %. For A = 860 nm, this corresponds 
to d < 50 nm, which is technologically challenging. Fig- 
ure [5] shows the dependence of the transmission coeffi- 
cients on the interlayer thickness in this structure for 
two polarizations and several angles of incidence, includ- 
ing the normal incidence and representative angles below 
and above fa. We clearly see the interference structure 
that is dependent on the angle of incidence and almost to- 
tal transparency at the transmission maxima for fa < fa. 
A useful quantity to consider is the average transmission 
of optical power from an isotropic source, discussed in 
the next Section. As we shall see below, owing to the an- 
gular dependence of the transmission maxima positions, 
the average transmission is a monotonically decreasing 
function of the interlayer thickness. 
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FIG. 6: (Color online) Average transmission coefficients (T) (denoted as 1) and (T) eq (2) of a film as functions of the film 
thickness in units of wavelength A for the structures specified in Figs. [3] (left panel) and [4] (right pane). 



Average transmitted power 

The average optical power transmitted through the inter- 
layer from a finite-size non-collimatcd source depends on 
the details of the geometry. Still, one can give meaningful 
definitions for the average in two limiting cases relevant 
to experimental applications (see Appendix). For radi- 
ation from a point-like source (isotropic non-polarized 
emission) the appropriate average transmission is of the 
form 

( T ) = IJ q / [WO+Tp^sin^! . (18) 

Definition (|18p corresponds to simple averaging of inci- 
dent radiation over the solid angle and can be used to 
estimate the external efficiency of LED and scintillators 
when the emission layer is transparent, i.e. much thinner 
than the absorption length. 

A different averaging procedure must be used for a dis- 
tributed source whose linear dimensions (including the 
thickness) much exceed the absorption length. In this 
case, every small part of the surface is illuminated by 
an isotropic flux of radiation coming from the distance 
smaller than the absorption length. The common ex- 
ample of such a source is the quasi-equilibrium (homo- 
geneous) interband luminescence of an optically excited 
semiconductor layer when the excitation region is much 
larger than the absorption length. The appropriate av- 
erage in this case is of the form, 

,tt/2 

(T) eq = [T s (0i) + r p (0i)]cos^isin^id0i . (19) 
Jo 

Definition (|19p is implicitly used in the discussion of 
blackbody radiation (see e.g. [l5[). For non-equilibrium 
sources, an averaging procedure similar to (|19p has been 



applied, e.g., to the situation when photon recycling dom- 
inates the source properties (l6| . In this case, owing 
to multiple photon absorption/re-emission processes, the 
radiation is widely distributed over the source layer. 
We note that the average (fl9|) is normalized (additional 
factor of 2 compared to Eq. [T5)) so that for a non- 
reflecting boundary one has (T) eq = (T) = 1. To com- 
pensate for this normalization factor, our expression for 
the average power transmission includes an additional 
factor of 0.5 (see Appendix). Since the transmission co- 
efficients Ti 3 (cf)i) are decreasing functions of the incident 
angle <f>i, one can generally expect (T) < (T) eq . 
An interesting reciprocity relation can be proven for 
(T) eq (but not for (T», viz. 

n\{T) eq \ 1 ^ = nl{T) eq \^ l . (20) 

This "sum rule" follows from a thermodynamic equilib- 
rium argument (see Appendix) and holds for any index 
and arbitrary thickness of the intcrlaycr. In particular, 
the averaging in Eq. (|2"0"1) includes the FTIR range of an- 
gles, where the interfaces 12 and 23 are totally reflective. 
Figure [5] shows the average transmission coefficients (T) 
and (T) eq calculated for structures with both higher- 
index (left panel) and lower-index (right panel) overlay- 
ers. We see that for d/A <C 1 the decrease of the av- 
erage transmission coefficients with d is almost linear. 
The range of quadratic decrease that could be anticipated 
from Eq. is extremely narrow. The origin of this can 
be traced back to analytical expressions. It is evident 
from Eqs. (|18I19[) that the contribution to the average 
of small angles of incidence is not decisive: the integrals 
for (T) and (T) eq receive little contribution from the an- 
gles where T is much smaller than unity, and therefore 
the average transmission coefficients are very sensitive to 
the angular range where the transmission is high. With 
decreasing d < A, the range of incidence angles where 
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the film is highly transparent broadens as w 1/d, see e.g. 
Fig. 2J As a result, for both polarizations, the decrease 
of (T) with d becomes linear rather than quadratic. 



demic Research (NYSTAR) through the Center for Ad- 
vanced Sensor Technology (Sensor CAT) at Stony Brook. 



Summary and conclusions 

We have analyzed the transparency of low-index inter- 
mediate layers between two higher-index semiconductor 
layers in the situation when the angular spread of inci- 
dent radiation is important. The relevant applications we 
have in mind are semiconductor opto-pairs formed with 
an optical glue or adhesive. 

Transmission of isotropic radiation by thin interlayers 
with low refractive index depends on the frustrated total 
internal reflection due to the constructive interference of 
evanescent waves reflected by the two surfaces of the in- 
terlayer. The main contribution to the average optical 
power transmission comes from fairly large angles of in- 
cidence. This implies a significant reflection loss even for 
thin films of thickness less than the wavelength. For the 
typical thicknesses (> 1/im) of the optical glue interlayers 
the losses are high even in the mid-infrared region. 
In light of our results, even the best (thinnest) reported 
oxide layers used for optical wafer bonding may not be 
sufficiently thin for some intended applications. Con- 
sider the record-thin 60 nm oxide bonding layer, recently 
reported by @. For the case of InP photodiode struc- 
ture with Si02 bonding layer of index 1.46 one has the 
parameter d 0.1 and the reflection is strong for all 
angles. To ensure reasonable power transmission across 
the bonding layer one must have its thickness d well be- 
low A/(27rri2) ~ A/12, which may be quite challenging 
technologically. 

Special attention has been paid to the angular average of 
the optical power transmission, which is shown to pos- 
sess a universal form for two practically relevant classes of 
source layers. We have found a simple and universal sum 
rule that must be satisfied by the angular dependence of 
the transmission coefficient. The sum rule has the form 
of reciprocal relation (|2"0|) and holds for three-layer struc- 
tures with non-absorbing interlayers of arbitrary thick- 
ness and refractive index. It also demonstrates that the 
average transmission coefficient of the three-layer struc- 
ture is sensitive to the overlayer refractive index relative 
to that of the source layer and that structures with larger 
overlayer index are preferable. 
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APPENDIX. Equilibrium radiation and transmitted 
luminescence 



In general, radiation transmitted through a multi-layered 
semiconductor structure may strongly depend on the de- 
tails of geometry, especially in case when the linear di- 
mensions of the emitting region are comparable to the 
wavelength or the absorption length. In this situation, 
one may need detailed modeling that takes into account 
the boundary effects. However, there are two limiting 
cases when boundary effects are not important. Fortu- 
nately, these limiting cases are precisely those that are 
most relevant for applications to semiconductor opto- 
electronic devices in the visible and near-infrared range. 
The first case corresponds to a transparent emitting layer 
of large area and a finite thickness that is substantially 
smaller than the absorption length. The second case cor- 
responds to the opposite limit of intcrband emission by 
thick absorbing layers of linear dimensions much larger 
than the absorption length. In both limits the transmis- 
sion assumes a universal - albeit different - form. 
Consider first a transparent layer 1 with a point-like 
isotropic source of power P located at a distance z from 
the layer surface. The normal component of the incident 
flux through a circular area ds = 2npdp at the surface 
(where p = ?'sin0i) is dI z= o = P/(47rr 2 ) cos <fii2irpdp = 
P/(47r)d£l, where d£l = 2ir sin 4>id<f>i is the solid angle of 
illumination of the area ds. Therefore, in this case the av- 
erage transmission coefficient for the power transmitted 
to material 3 (through an intermediate layer 2) should 
be defined as follows: 



IT 



13/ 



tt/2 



T 



L )sin< 



(A.l) 



It is important to note that the transmitted power does 
not depend on z and hence the same average transmission 
coefficient (jA.lj) determines the transparency of a unit 
area of the surface layer for the case when the source of 
radiation is distributed in a layer of large area and finite 
thickness. 

The other limiting case is radiation escape from an ab- 
sorbing layer. Consider as an example the total power 
of equilibrium radiation emitted at a temperature T by 
a homogeneous and optically isotropic material 1. The 
rate of radiation emission obeys the detailed balance be- 
tween the emission and absorption processes embodied 
in the van Roosbroeck-Shockley relation [l4| and is pro- 
portional to the absorption coefficient a{oj). The photon 
density in the unit frequency interval at uj emitted in unit 
volume per unit time is given by [l[ 



n\u] 2 a(uj) 



7r 2 c 2 [exp(/iw/fcT) - 1] 



(A.2) 
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On its way out the radiation may be absorbed and re- 
emitted many times, but this does not change the equi- 
librium photon density. The number of photons reaching 
the surface unit at distance r from the emitting source 
in volume dv equals 



dl(r) 



1 



47rr 2 



exp(— a^N^dv 



(A.3) 



At a given incidence angle 0i , the distance to the surface 
r = zj cos 0i. Therefore the total photon flux I\ z =q to 
the unit surface (at z = 0) from the region z > in a 
unit solid angle about a fixed incidence angle 0i can be 
obtained by integration over r, which takes the form 



lu\z=0 — 



47T 



exp 



COS (pi J COSl (pi 



dz (A.4) 



where P w = N UJ /(aci) is the equilibrium photon den- 
sity of thermal radiation and ci = c/ni is the speed of 
light in the emitting material. Since the integral in the 
right-hand side of Eq. (|A.4|) equals unity, the Eq. (|A.4|) 
shows that the equilibrium flux to the surface is identical 
to blackbody radiation and depends neither on the inci- 
dence angle nor on the particular shape of a(cu) (weak 
emission rate in frequency regions of small absorption is 
compensated by the high material transparency at these 
frequencies). The energy transmitted to material 3 is 
given by the integral over the normal component of the 
incident flux, multiplied by the transmission coefficient 
Ti 3 , i.e. 



Ti 3 cos 0i I z=Q dfl , 



(A.5) 



where we have suppressed the frequency index u>, since 
Eq. (|A.5p is valid for each frequency individually. For 
Xi3 = 1 it gives a well-known result Q31 = ciP w /4. For 
X13 =/= 1 we can define the average transmission coefficient 
from 1 to 3 by 

,7T/2 

(T 13 ) eq = 2 T 13 (0i)cos0 1 sin<M0 1 • (A.6) 
Jo 

so that Q31 = (Ti 3 ) e9 ciP w /4. 

Note that the shape of Eq. (|A.5|) derives from the fact 
that the integral in (|A.4[) is independent of 0i , and there- 
fore it remains valid for a layer of finite thickness, so long 
as it much exceeds the absorption length a" 1 . Therefore, 
the average (|A.6|) can be used to quantify the surface 
transparency in the case of a quasi-equilibrium emission 
(e.g. optically excited luminescence) from an absorbing 
region, so long as than both its thickness and lateral ex- 
tent arc larger than the absorption length. For a non- 
reflcctive surface (T13) = (Tis) eq = 1, while for an inter- 
layer with finite reflection (Ti 3 ) eg > (T13), since generally 
T13 (01 ) is a decreasing function of 0i . 
We remark that the two averaging procedures lead to 
tangible differences in power transmission only when the 



radiation goes through a large solid angle. The difference 
is therefore of the essence for opto-pairs we are interested 
in, where the refractive indices ni and 713 are not vastly 
disparate. In contrast, for emission from a semiconduc- 
tor to low-index media (such as air or vacuum) the trans- 
mission is restricted by the TIR to small ang les and the 
difference in power transmission is minor [17] . 
Consider now the case of thermal equilibrium between 
material 1 and material 3. For the equilibrium to hold, 
one should have Q13 = Qi3- This requires that 



l l {Tl3)eq = n\ {T3l) eq 



(A.7) 



Suppose ni > 773. Part of the equilibrium radiation inci- 
dent on the interface gets reflected due to the TIR phe- 
nomenon. However, this is exactly compensated by the 
higher density of photon states in the higher-index mate- 
rial. This compensation is "moderated" by the slower 
velocity of the energy flux in the second material, so 
that the resultant compensating effect is of the second, 
and not the third power in 7713. Obviously, for a non- 
equilibrium situation there is no compensation. But 
the sum rule expressed by Eq. (|A.7[) remains valid, so 
that the calculated transmission coefficient must obey 
Eq. (TA~7l . 

The sum rule (|A.7p holds for any planar interface in- 
cluding any intermediate layer of index 712, so long as 
there is no absorption in the intermediate layer. This 
can be verified by direct inspection of the integrals us- 
ing explicit expressions (O for both polarizations. To 
do this, we note that the transmission coefficients T13 
and T31 can be written as functions of both the inci- 
dence angle and the refraction angle, subject to Sncll's 
law nisin0i = 713 sin 03, that holds for both directions 
of transmission. As an example, we can write Ti3 iS in the 
form 



T 



13, s 



4ni7l3 COS 01 COS 03 
(7I3 COS 03 + 71 1 COS 01 y 



(A. 



that makes symmetry between transmission coefficients 
1^3 and 3— >1 evident. Similarly, a s can be written as 
a s = bi2 632 where 



K 2 -n?) 



2m cos ( 



n j — nf sin 2 1 



(A.9) 



and the phase shift as 



(27rd)/A(n 



Tii sin 2 0i) 1 / 4 (n 2 — ti§ sin 2 03 ) 1 / 4 . Then, one can replace 
integration in the left-hand side of Eq. (|A.7j) over 0i by 
integration over 03 so that Tii cos 0i d0i = 713 cos 03 d03 
or, with Sncll's law, 



71 2 cos 



0i sin 0i d(pi = 77,3 cos 03 sin 03 d03 . (A. 10) 



Finally, by changing the integration variable from 0i to 
03 (with an appropriate change of the integration inter- 
val), we arrive at the direct proof of the sum rule (|A.7j) . 
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